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SUMLARY - : /7 R

A solution based upon small-deflection theory is presented
for the critical shear stress of curved rectangular panels with
simply supported edges. Conmputed curves which cover a wide range
of panel dimensions are piesented; these curves are found to be
in good agreemernt with test resulty, Estimated curves are also
given for panels with clamped edges. '

INTRODUCTION

A series of papers has been preparsd to provide information
on the buckling of curved sheet. The problem treated in the
present parer, which is a part of that seriez, 1s the determination
of the critical shear stress of a cylindrically curved rectangular
panel, For pansls having simply supported edges this problem is
solved theoretically (ses appendix), ard computed curxrves are provided
for finding the critical shear stress. Bstimated results are also
given for curved rectangular panels having clamped edges.

KESULTS AND DISCUSSION

- The critlcal shear stress ‘Tcr for cylindrically curved panels
is given by the equation ' ' - '

. .
.=k, LD
GI" (3] bgt
where
k, dritical—sheaiustress coeffidient, established by geometry of

panel and type of edge support
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3
D  flexural stiffness of pancl per unit length Bt
12(1 - @)
AN
E Yourg's modulus of elasticity
Y Poisson's ratio
b exial or circumferential dimension of panel Whlchever is

smaller (except where noted)
t thickness of panel

Two charts are presented, one for panels having curved sides
longer than the straight sides and the other for panels having
stralght sides longer than the curved sides. In each of these
charts the critical-shear-stress coeificleut kg 18 plotved -

‘ageinst & curvature parameter Z defined by the equation

t\/l - uf
or
(b) t"l - u?
where
r radius of curvature §f pangl

Panels with simply sup?orted edges..— The critical-shear-stress
coefficients kg for curved panels with simply supported edges are
given in figures 1 and 2. In figure 1, the critical-shear-stress
coefficients are given for panels long in the circumferential
direction; b is neasured axially with the result that the values
of ky and Z are defined in the mamner anpropriate to a cylinder,

In flpure 2, ‘the critical-shear-stress coefficients are given for
panels long in the axial direction; b is measured circumferentially
80 that the values of k¥ and Z are defined in the manner appropri-
ate to an infinitely long curved strip. The solid curves in each
figure are computed, and the dashed curve in figure 2 1s estimated

by a meEhod described in the section entitled "Estimation of Critical
Stress,
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With regard to displecements in the median surface dvring
buckling, the boundary conditions for which the curves of figures 1
and 2 apply are zero displacement along each edge and unrestrained
motion noxmal to each edge. The available evidence indicates that
if both normal and tangential motion were completely restrained,
the curves of figure 1 would be raised only slightly, but the curves
of figure 2 migat be ralssd considerably at intermediate values of Z
for large values of panel length~width ratio a/b, (See section on
critical shear stress of curved panel in reference l.)

In figure 1 all the buckling curves for panels of fixed length—
width ratio approash the curves for e complete cylinder at high
values of Z. The same trend exlsts when the axial length is greater
than the circumferential length, as the curves of figure 2 suggest
by approaching the slope 0.75 appropriate to cylinder curves at high
values of Z., This result can be explained by the fact that
gecmotrically a curxved panel of any glven lengtb-~width ratio epproaches
a cylinder as the curvature increases. FPanels having a large ratio
of circumferential length to axial length approach a cylinder at
lower values of Z (defined as in fig. 1) than penels having a small
ratio of circumferential length to axial length.

Estimatlon of critical stress.— A comparison of the computed
results for the critical stress coefficlents of simply supported
curved panels (figs. 1 and 2) with results for certain known limiting
cases indicates the possibility of meking reasconable estimates for
panels of other length—width ratios and edge—-support conditions. The
known limiting cases used in this comparison are the critical stiress
coefficients for the flat panel (2 = 0), the complete cylinder, and
the infinitely long curved strip. (See fig. 3.) Figure 4 shows the
comparison for panels long in the circunferential direction. In order
to permit the comparison, the curve for the strip was plotted by using
the same paremeters as were used in the other curves; that is, kg and
Z were defined in terms of the axial rather than the c¢ilrcumfe:sntial
dimension of the panel (dimemsion b, in fig. 3),. Tigure 5 shows
the corparison for panels long in the axisl direction. The cylinder
curve is repleotted in terms of dimension b2 in figure 3 so that

the same parameters are used as were used for the other curves.

In each of figures 4 and 5 the first three panel buckling curves
were corputed and the fourth curve was estimated, Thess estimsted
curves were obtained by using the known limiting results as guides
and by extrapolating the itrends cbserved in the cases from which
computed results were available. ’

Panels with clamped edges.~ Figures 6 and T give estimated
theoretical critical-shear-stress coefficients for curved panels

+y
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with clamped edges. The estimates were made in the aforementioned
manner by meking use of the known shear—stress coefficients for
cylinders and for long curved strips with clamped edges (references 2
and 3, respectively) end availeble results for flat panels (refer—
ences b and 5) and by extrapolating from the knovm results for simply
supported panels, With respect to edge displacements in the median
surface during buckling, the boundery conditicns for which the curves
of figvrss 5 and 6 apply ere zero displacement normal to each edge,
and unrestrainsd motion along each edge. The available evidence
indicates thet complete restraint of both normal and tangential
motion would affect the curves of figures 5 and 6 only slightly.

(3ee discussion of boundary conditions in refsrence 1.)

Experimental Verification

A study of references 6 to 10, which contain test data on the
critical shear stress for curved sheet, revealed that in the various
investigations differsnt types of test specimens (ig. 8) and also
different methods of defining the experimental critical stress were
used. Because of the different types of test specimens and different
wethods used, a wide range of values for the critical stresses must
be expected. In order to make the comparison between theory and
experinent, therefore, the test data were divided into two groups
according to whether the buckling load would be appreciably affected
by initial eccentricities (fig. 9). The thooretical curves used

were those for simply supported curved pansls.

Experimental buckliing stresses only slightly affected by initial
eccentricities .~ With but three exceptions, the experimental critical
stresses of Rafel (reference 6) and of Rafel and Sandlin (reference 7)
correspond to snap buckling (fig. 9(a)). With eny apprsciable initial
eccentricities, deflections tend to increase gradually with load and
1no snap dbucklie occurs; tihls fact indicates that the initial eccen—
tricities in the test specimens are small. The three specimens in:
which snap buckling did not occur fell in the range of 6<€L< 12,
and the buckling stress was teken to corvespond to the load at vhich
the compressive diagonal stress on one side of the cheet ceased to
incrsase with increasing load. The critical loads for the Moore and
Wescoat data were obtained from the losds correcponding to the top
of the ¥nee of the torque~twist curves (refsrence 8). The torque-
twist curves represcnt averages of the bshavior of all the penesls in
the cylinders of reference & and are thus relatively insensitive to
local imperfections. Figure 9(a) indicates that buckling stresses
defined in such a way as to be rather insensitive to local imper—
fections are in good agreement with, but slightly lower than, the
theorstical critical stresses for curved panels with simply supported
eages.
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Experimental buckling stresses considerably affected by initial
eccentricities.~ Tn the tests by Chilarito (reference 9) the critical
gtrese is defined as the shtress at vhich wrinkling first beccomes visu-~
ally perceptible in any panel of a multipanel snecimen. Except for
one snavn buckle, the critical stresses in the tests by Kuhn end Levin
(reference 10) were defined by the point of Tirst departure from a
gstraight line of the curve obtained by plotting the readings of a
diegorally mounted Tuckerman optical strain gage ageinct the applied
load. In both of these methods initial eccentricities of the test
specimens can be expectod to result in relatively low experimental
critical stresses.

A comparison between the theoretical critical stresses for curved
panels and the experimental critical stresses of Chlarito and of
Kuhn and Levin is made in fignre 9(b). As might be expected because
of sengitivity to local imperfections, the experimental data are,
in general, considerably below the theoretical curves. The data

. a
of Kuhn and Levin for P = 3 at large values of Z, however, are

appreciably above the theoretical curves. One possible explanation

for this rather surprising behavior is that all specimens for 223

;
]

had two intermediate bulkheads which were not attached to the sheet

but may have provided additional restraint against buckling at high

curvatures by preventing inwerd digplacement of the sheet on buckling.

CONCLUDING REMARKS

The critical shear stresses given by a theoretical solution
based on small-dellection theory for simply supported curved rec-
tangular panels were found to be in good agreement with experimental
critical stresses defined in such a way as to be rather insensitive
to local imperfections. A method is suggested for estimating the
critical shear stresses for curved panels having length-width ratios
and typez of edge support different from those for which computed
results are available.

Langley Memorial Aeronautical Laboratory
National Advisory Committee for Aeronavtics
Laengley Field, Va., March 11, 1947
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APPENDIX
TEECRETICAL SOIITION

Syrbols

. Iy

axial or circumferential dimension of panel,

axial or circimferentisl dimension of panel,
whichever 1g smallexr

integers

radivs of curvatvrs of panel

thickness of panel

&isplat@mﬁnt of points cn median surface of panel
n axial (x-) direction

displacement of points on median surface of pﬂne7
in sircumferential (y~) direction

displacemsnt of peints on median surface in radial
direction; positive cutward

axial coordinate of panel
circunfersntial coordinate of panel

flexural stiffneszs of panel per unit

Young's modvlus of clasticity

Airy's stress fvﬂctdcn for median-suriace stresses
/
\2_,?

produced by buckle deformation K: 9:&85, shear
ae

stress; —»E, compressive stress in y-directdon;

7

Jdy

T, compres give stress in x-directicn
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2 ;
Z curvature paranmeter- %E\/l - uej>
& coefficients of terms in deflection functions
kg critical shear-stress coefficlent appearing in
k_n°D
formula T . = £
2
b=t
[ _ -
M 1o o 22 12phphz?
e 3 I(P + af + L
3283k, | w52 + 92%)2 |
i ——
N = 2 , 252 4+ q2)2 12p85472
-~ 3 (P2 + @) + = ~
3287k, }_ 1H(pRp2 + g42)°
= &
B =2
i Poisson's ratio
cr critical shear stress

2 \2
2 9% 9%
%= dy°
vll'=-au+2—-§£.—-'~+§.}f_

é;z ax25y2 ayu

7% = inversc of v defined by'v'h(vuw) =W

Method of Solution

Fguation of equilibrium.- The critical shear sitress which causes
& curved rectanguler panel to buckle may be obtalined by solving the
following equation of equilibrium (reference 1).

b Et b dw L P
+ =2 — + 27 =¥eo =0 1
DVW TV o’ o (1)

where x eand y are, respectively, the axial and circumferential
coordinates. Division of equation (1) by D gives

2 ) 3k 2 32
Vv 2B gh Oy o, B S = g (2)
b
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The equation of equilibrium may be reprosented by
Qr =0 (3)

where Q 1g the opeorator defined by

1078 ok 2 ¥ T
Q:-.\-/,#,i_l' vlfibr,,.c}m_;:@ﬂ_i (&)
b ox pe Oz <y

Sclvbion for pancels having Q 121 leneth groater than circunfor-
ential. length.~ BEquation (3, nay be solved ty tho Galerkin method as
outlined in references 1 and 11. As swigested in roference 1 for
simply supportsd curved rectangular panels, the following ceries
erpengsion is uvced for wi

20 [ee)
TR e
W= oy sin B sin B (5)
m=l n=1L a
The coordinate system used is shown in figure lO(a)- The coefficients

ey tre then chosen to satisfy the equntlons

na ~b
f gin E%; gin X Qv ax dy
“ 0.0 & b

(6)

1t
)

where
P = 1’2, L ) and_ q = 1)2} o« & e

When the oporations indicated in equation (6) ere performed, a set
of homogeneous lincar algobralc equations in the unknown cceificlents

&,y 1t oblazined with kg eppearing as a ravesmeior. The soluticn

475

for the critical-shesr-stress cocfTicient kg is thon found as the
minimumn value of kg for which the algobraic equations have &

hing solution for the unknowme 8nq°

The boundary conditions at each edge that are implied by this
mothod of golution src zero radlel deflection and edge moment, no
displacement along tho cdge, and free displaccment normal to tho
edge (sec reference 12); that is,

nonvanis
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W(O,y) = w(a,y) =0 w(x,0) = w(x,b) =0 b
= (0,5) = \2"—’ (ayy) =0 9-%-{ (x,0) = o £ (x,p) =
2 oy Sy e
> (1)

u(x,0) = u(x,b) =0

il
o

V(O)Y) £ V(a:y)

{
O

2'[? \27| 2
SF (0,y) = &L al”<,> --(x,b)--o

~

Substitubion of the values of Q@ &andl w given by equations (h)
and (5), rcepectively, into equation (6) leads to the following set
of &algcbraic equations:

anq' ) 12&“9@22 %
e
2 o
+ 3—-@ s 8y Hpd =0 (8)
2 mEl nEl TR D 2) (2 - g)
where p=1,2, . . .; qg=121,2, . . .; and the summatlion includes

only those valves of m and n for which m* p and nt g are
0dd. The condition for a nonvanishing solution of these equations
is the vanishing of the determinant of the coefficicnts of the
unknowns &y, This infinite determinant can be factored into the
preduct of two infinite subdeterminants, one in which pt g is
even, and one in which p 1t q is 0dd. The vanishing of these
subdetcrminants lcads to the following determinantal equations.
The equation in which p * q ig even is
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c

A

10

=0 (9)

. HaN
O )~ o O Qi en o M3
5 ol Ofed © o O
SN @] ﬂl .rl Ol et (@) ~t H
|
oD NetfeN .
o 2 em e} o NN ! o
Q H .I.* § M
k]
(Vo ¥TeN ISU TN U
o l ad (@) O e o
t M
N O~ = Ty Oy
o~ o %o Fla b NG o} o
¥ t M H
O e 0" O
O QiNO O o RV O
t -y |
i TN
o o A o DOy o
. ) = N
Qd [@l¥se) O} u ju
-2 ITaN Qd =N Qi\NO < i Ql o =R b=
{ & | . i
o
N =S el o (@) Ot~ o}
<y 1 X
"
ST A ToN < O 8_ e o)
[33) A — [ = I~ 0\
1 i il 1 I i It
ol [ ol ol o ot ot
- -~ - - ”, o -
i Ql o i Qd )
i 1l ] it il i
et o 2 &4 & = jon
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t4

and the equation in which p T g 1is odd is

812 81 T %3 B3 Bp % B3y P18
M L I 20
=1 =D 12 ~-= 0 = SN
M 8 L 4 8 16
2, g=1] -2 My & o L & o, 8 16
S e 45 5 735 25 169
& M 8 LQ
p=l P q_=’+ 0 = )B 1L '7? 0 0] é-(: 0 0
1 8 - 5 L 12 16
=0 =7 ot 0 - M’2 _.3.9 P 0 A
P g 7 785 T 35 55
¥ X
p=3, a=2| 0 —Lk 0 -=F 3_32 0 ~—L7£ 0 0
D (=,
p=1, ¢=6| o -& o X o Mg 20 o o
35 5 11
o aesl 20 4 ko L _20 Mps _8 .80
=2, Q= & 0 B 0 J S =14 -
S N 27 7 T 7 T3 1g
8 72 - 8 M
=3, g=! iel & -8 M
p=3, a=4| O F 0 35 0 0 =3 b oo
— 0 _A16 _18 Lo M q
=1, g=0] O 189 0 55 0 0 ll( 0 13
28 56 . 28 28 56 112
2, q=71 22 o 26 o .28 28 o 56112
Py 450 135 9 75 13 55 L5
where
-
.
= ‘ ,)B d
M= T (R + q2R)° 12675

9 qppgk l X ( - 4 52)

11

(10)

|
|
|




12 . NACA TN No. 1348

These determinants give the buckling load° of curved panels with
various length-width resios (P 2 1) for buckle patierns respectively
gyrmetrireal and entlsyrmetrical aboub the cenber of the panel.

By uge of a finite determinant including the rows and columns
corresponding to the most important terms in the expeansion for w
(equation (5)), equations (9) and (10) were solved by a matrix
iteration method (reference 13) for the lowest value of ky which
satisfied thcse equations. The lower of the two values of kg
found by solving equations (9) and (10) is the critical-shear-streas
coeflicient for the particular values of £ and Z under consider-
ation. The curve of critical-shear-stress coefficient agavnst Z
for a given value of B computed in this memner shows cusps; however,

5 the precise location of ell the cusps involves a prohibitive amount
of labor without any significant increase in accuracy, the cusps were
faired out in figure 2. Table L prosents the relative magnitudes of
the coefficients of the terms used in the solubions, and table 2
gives the computed stress coeificients.

Solution Tor panels havine civeumferential length greater than
axial length.- When the circumferential dimension is greater than the
exial dimension, a eand b can be interchanged in oguation (5) in
order to retain b as the shorter dimension, as follows:

=y v tn W oy Y
W’->__ [ By sin TS sin (11)

The coordinate system used iz shown in figure lO(b). This problenm
is solved in & marmer similer to that used in solving the problem
involving axial dimension greater then circumferential dimension.
The set of algebraic equations for the unknown Fourier cocificients
is now

. ‘ T
T e
- (12)
3% B3ks g—‘-’g— Tm . mnpq =0
P EEL T (@ - o) (e - o)

where m* p and nt g nust bo odd for 8y, to have a value. The
condition for a nonvanishing solution of thesc equatlons 1s the
vanishing of the determinant of the coefficients of the unknowns &..
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This determinant can be factored into two infinite subdeterminants
which are identical to thoee in equetions (9) and (10) except for
the diagonal terms. In this case, each dlagonal term M,\q is
replaced by : o

2 ' ' B 4ol
262 4+ ¢2)2 4 12p7p"Z i
|

1~

N B e
323k,

g

(p

The conditions for the vanlsling of these determinants were
found in.the came menner as that used in solving equations (9)
and (10) for buckling loads of persls with verious length-width
ratios for buckle patberns symmetrical or antisymmetrical about the
cenber of the panel. The lower of the two velues of k, 1s the
critical-shear-stress coefficient for the particular velues of B
end 7 under considerabtion. The relative negnitudes of the coef-
Tficients of the terms used and the computed stress coefficlents are
presented in tables 1 and 2, respectively. Figure 1 shews the
critical-shear~stress cosificients for simply supported curved
panels having the circumferential length greater than the axial
length; the curves were faired in a manner similar to that for the
curves of figure 2.
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TABLE 1

RELATIVE MAGNITUDES OF DEFIECTION-FUNCTION COEFFICIENTS USED IN SOLUTION

e
(%

16

Even determinsnt

ole

22

31

A5

oy

33

#51

817

&35

53

B8

837

&6

55

28] %57

10
30
100

1000

1 | =0.07
1 =.13
=T 5T
-.02 1

cemel .09

=0.30|~0.07

-0.005
-.007

~0.00k

.65

~.10

0.0k

07
-.36
-39

-.48

0.00k
.008

-.004
.18

~.17

=0. 24

0.47

0.02
~.08]

——|ean

1.5

-.16 1
| .06

.002

.07

.0l
.06
.3k
-.95

=.01
-.02

-.28

.01

.19
-7

0.007]

.02

~-.11

-50

-.23

1000

1| -0k

.006

.00L

.88

.05
.06
.20
.78

.05

.01 |----

.003

.00k

.03
-.06

.53

-.10

0dd determinant

o'lp

a1y

%23

e

ey

216

825

834 #u3

852

aks

a.w

%8

f110

29

10
30
100

1000

[
A
2

-0.01
~.02
~.08
~. bl
-.26

-0.28

-.31

-0.28
-.28
-.26
-.20

-0.01

-.01

~0.02

.02

"O-Oi)'ﬁ -.01

.16
-5k

0.0}
.02
.08
-39
.01

0.0L
.02
.03
.10

-0.02
-.02

0. OT]

0.18

0.2

0.08

0:37)

1.5

10
30
100

1000

-.07
-.16

-.56
-.68
-.07

-39

.ok
.90

~. 002

-.01L

.25
-.13

-.03
.05
.26
.08

<02
.01
.0L

-.05
-.07

10

- 79[ - 79

<06) ~==-m

-, 004
-.003
.03
-1

.52
.66
-7

-.25

.02

.005)
-.001
—_]_1

.22

-.29

.03
.06

~.30

.03

-.16
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TABLE 2.~ THEORETICAL CRITICAL-SHEAR-STRESS COEFFICIENTS

|<~a-a|T,
(¢

18

& 7 s
b Even determinant 0dd determinant

1 0 9.3 | emewee-
1 9.44 11.59

10 11.65 12.77

30 18.57 17.59

100 34.65 33.55

1000 157.% 164.5

1.5 0 T.07 T1.97
i 7.12 8.03
10 8.55 9.75
30 1L4.30 15.38

100 30.5k4 27.15

1000 - 136.6 129.7

2 1 6.62 6.65
10 7.65 8.43

30 12.48 14.29

100 26.96 26.19

1000 117.3 118.9

<> >
Ga
| kg
% Z Even determinant 0dd determinent

1.5 1 7-37 7-99
10 10.38 9.49
30 15.23 15.51

100 32.24 30.73
2 1 6.68 6. 61
10 8.98 8.95
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Fig. 1
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Fig. 2

NACA TN No. 1348
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Fig. 3 | - NACA TN No. 1348
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Figure 3.- Curved rectanguiar panel. Limiting cases for a complete
cylinder and an infinitely long strip also shown.
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Fig. b
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Fig. 6
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Figure 6.~ Estimated theoretical critical-shear-stress coefficients for

curved panels with clamped edges and having circumferential length

greater than axial length.
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Figure 7.- Estimated theoretical critical-shear-stress coefficients for
curved panels with clamped edges and having axial length greater

than circumferential length.
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Figure 8,- Transverse sectional views of specimens used to determine
critical shear stress of curved panels in various investigations.
Different length-width ratios of panels were obtained by varying
bulkhead or ring spacing and in some cases by spacing of
longitudinal stiffeners.
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(2) Specimens slightly affected by initial eccentricities.
Figure 9.- Comparison of theoretical critical-shear-stress coefficients

of simply supported curved panels with test results of other
investigations.




NACA TN No. 1348 Fig. 9b

0?
>
.
2 L
ks;EDgrtki i
™ -
e
10 F—
f Kuhn and Levin Chiarito
| i 111 L1ty Lo ity SR lauﬂ
3
107 p
-
- }*\b/‘r‘{
r
r T
N a
0% L { '
C
B jel
5 b
_Tertd® |
ks-— > 1.0
Dw N )
N 2.0
L Infinite plate
(a=00)
» I O _;_. NATIONAL ARVISORY
E COMMITTEE FOR AERONAUTICS
-
-F 2 Kuhn and Levin Chiarito
- - 1.00 o
r 1.91 <&
B 3.00 R
(I T Ly N R ngl_J_l_l_LL3
o) | 10 10* 10

b -2
Z :ﬂ ' HZ
(b) Specimens considerably affected by initial eccentricities..

Figure 9,- Concluded.
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Fig, 10
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